Large-scale structure challenges dilaton gravity 
in a 5D brane scenario with AdS bulk 
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Abstract: We study a theory of dilaton gravity in a 5- dimensional brane scenario, with a 

non-minimal coupling of the dilaton to the matter content of the universe localized on the brane. 

' The effective gravitational equations at the brane are derived in the Einstein frame in the covariant 

OO . approach, addressing certain misconceptions in the literature. We then investigate whether the 
■ 

■ observed large-scale structure of the universe can exist on the brane in this dilaton gravity scenario 
CN ' with an exact anti de Sitter bulk, assuming that the matter energy-momentum tensor has the form 
of an inhomogeneous perfect fluid. The corresponding constraint on the spatial derivative of the 
matter energy density is derived, and subsequently quantified using the current limits resulting 
rH ■ from searches for variation of the Newton's constant. By confronting it with the observational data 
^ ' from galaxy surveys, we show that up to scales of the order of 10 Mpc, the derived bound on the 

a ' 

■ ■ ■ ' spatial derivative of the matter energy density does not allow for the existence of the large-scale 
structure as observed today. Thus, such a dilaton gravity brane scenario is ruled out. 



1 Introduction 



General Relativity provides a successful description of gravitational interactions at macroscopic 
scales, and has passed numerous consistency and experimental tests. Nevertheless, it is not without 
shortcomings. For example, the resistance to quantization, or the lack of a unified description of 
gravity and the gauge interactions of the Standard Model, are usually considered to be crucial 
problems. Consequently, the search for an extended theory of gravity - with Einstein's General 
Relativity as the main part of its structure - continues. 

String theories (or the encompassing M-theory) are often regarded as the most promising pro- 
posal for a 'theory of everything'. Moreover, they provide a viable candidate for a quantum theory 
of gravity. One of the most commonly recognized approaches to addressing string theories in the 
field theory language employs the low-energy effective action [1], where only the massless modes, 
whose number is finite, are considered. The low-energy effective action in string theories is often 
represented in the form of the ol expansion (a' = M~^, where denotes the fundamental string 
energy scale), which can include terms for various particles - depending on the type of the string 
theory. Nevertheless, two fields are common for all string theories: the metric tensor g^^ and the 
dilaton field 0. If we restrict the low-energy effective action in string theories to gravity and the 
dilaton, it will yield at the leading order the Einstein gravity coupled to the dilaton. 

In the present work, we will address a theory of dilaton gravity, employed in a brane scenario 
with a general coupling of the dilaton to the matter content of the universe. We will investigate 
whether the observed large-scale structure of the universe can exist on the brane in an AdSs bulk, 
assuming that the matter energy- momentum tensor has the form of an inhomogeneous perfect fluid. 

It is essential to develop a framework for addressing at least some of the important issues con- 
cerning extended theories of gravity as motivated by string theories. In Ref. [2] a physically viable 
theory of higher order dilaton gravity was established in higher-dimensional spacetime, reflecting 
some of the basic properties of the effective low-energy action in string theories if restricted to 
gravity and the dilaton. It should be underlined, that the terms with up to four derivatives turned 
out to be exactly the same as in the effective low-energy action derived from string theories [3]. 
Moreover, the discussion of the 0{d,d) symmetry conducted in Ref. [2] indicates that the effective 
dilaton gravity action in string theories can include this theory of higher order dilaton gravity also 
at the level of more than four derivatives. Consequently, addressing higher order dilaton gravity 
and its effective 4-dimensional description will allow for studying e.g. the influence on cosmology of 
such modifications to General Relativity as are motivated by string theories - and their potentially 
observable effects. 

In order to study the phenomenological implications of such an alternative theory of gravity, its 
effective 4-dimensional description has to be established. In the present work, the idea of localizing 
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the Standard Model on a brane embedded in a higher- dimensional spacetime [1] will be adopted. 
Since the M-theory based works by Hof ava and Witten [5] , this type of scenario has become one of 
the most often employed approaches to higher-dimensional theories, and bulk related corrections 
to the gravity interactions at the brane were investigated in many models [6]. For the string frame 
and the bulk action given by the higher order dilaton gravity theory constructed in Ref. [2], the 
derivation of the effective gravitational equations at the co-dimension 1 brane was addressed in 
detail in Ref. H in the _tapp.oachQ 

Since dilaton gravity is a theory of gravity coupled to a scalar field, it can be formulated in 
various frames related by conformal (Weyl) transformations. It should be underlined here, that if a 
brane matter term is included into the Lagrangian in one of these frames, upon the conformal 
transformation to another frame its coefficient will change. In particular, if constant in one frame, 
it will become dilaton dependent in others. 

There is no clear consensus^ in the modern literature as to which conformal frame is the natural 
physical frame, and in which frame the coupling of the scalar field to the matter content of the 
universe should be minimal. Therefore in the present work we will briefiy readdress the derivation 
of the effective equations of motion at the brane [7], but this time with a general non- minimal 
coupling /(0) Cm of the dilaton to the brane matter Lagrangian in the Einstein frame, which is the 
usual framework employed in cosmology. 

In order to investigate basic properties of this dilaton gravity scenario and its effective gravita- 
tional equations at the brane, I will adopt two assumptions which are crucial to many models in 
the modern literature. In cosmological considerations, the matter content of the universe is usually 
described by a perfect fluid. In higher-dimensional scenarios, the bulk is often assumed to be of the 
anti de Sitter (AdS) type. Its popularity is mainly due to its use in the widely studied AdS/CFT 
correspondence |T2], as well as it being vital for many higher- dimensional scenarios (it is e.g. a 
natural solution for the bulk in the Randall- Sundrum model [I3]). Consequently, the main goal 
of the present work is to investigate whether the existence of the inhomogeneous perfect fluid on 
the brane - as would be expected to describe the observed large-scale structure of the universe - is 
allowed for the AdSs bulk. The constraint on the spatial derivative of the matter energy density 
will be derived employing only the effective gravitational brane equations and the 4-dimensional 
Bianchi identity. It will be quantifled using the current limits resulting from searches for variation 
of the Newton's constant. Subsequently, it will be confronted with the large-scale structure data. 
We will show that up to scales of ~ 10^ Mpc, the derived bound on the spatial derivative of the 



^ For the standard gravity, the effective equations of motion at the brane were derived in the covariant approach 
in Ref. [5] . For the lowest order dilaton gravity, the effective equations at the brane were derived (but not in a fully 
covariant way) in Ref. [5], whereas in Ref. |10| the covariant approach was employed for cosmological applications. 

^ For various approaches see e.g. Ref. [IT] and references therein. 
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matter energy density does not allow for the existence of the large-scale structure as observed today. 

The rest of this paper is organized as follows: In section[2]the derivation of the effective Einstein- 
like equation on the brane is discussed, whereas the detailed procedure can be found in Appendix 
aI The application of effective gravitational equations for the AdSs bulk, with the matter content 
of the universe localized on the brane and described by a perfect fluid, is presented in Section 
[3l A constraint on the spatial derivative of the matter energy density is derived. This result is 
quantified in section HJ by employing observational limits from the time (non-)variation of the 
Newton's constant. Subsequently, a comparison with observational data on large-scale structure is 
conducted in Section [51 Section |6] contains our conclusions. 



2 Effective Einstein-like equation at the brane 

As was discussed in the introduction, a physically viable theory of higher order dilaton gravity - 
motivated by string theories - was introduced in Ref. [2]. Its equations of motion were constructed 
up to arbitrary order in derivatives of both the metric tensor and the dilaton field. However, the 
search for novel features in the effective cosmological picture should naturally start from considering 
the first order dilaton gravity (hereafter: dilaton gravity). Its Lagrangian derived in Ref. [2] in the 
string frame reads 

C = ^e-'^[R + 2 V"9,0 - {d<pf] , (1) 

where ai is a constant, TZ and denote the Ricci scalar and the covariant derivative associated 
with the 5-dimensional bulk metric 'g^y, respectively. The first derivative {d^cf)) was equipped with 
a tilde as well - in order to underline that the terms involving it will be also influenced by the 
conformal transformation due to implicit contractions of indices. 

Through a conformal rescaling, the Lagrangian ([1]) can be transformed to the Einstein frame. 
By demanding that its gravitational part has to take the form of the Einstein-Hilbert Lagrangian 
in the Einstein frame, the conformal transformation relating these frames is found to be 

9^.. = e^'^/''g,.. (2) 

Thus, the main bulk quantities transform as 

n = 6-2-^/3 [n - 1 v"5,0 - 1 {dci)f] , (3) 

= e-2<^/=^ [V'^S,^ + (90)2] , (4) 



In Appendix B, a model-independent upper bound on the present value of the dilaton time derivative is derived. 
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where TZ and denote the Ricci scalar and the covariant derivative associated with the 5- 
dimensional bulk metric (7^,^, respectively. Hence, the 5-dimensional Lagrangian ([1]) of dilaton 
gravity in the Einstein frame reads 

c = f[n-lv''d^<jy-l{d<jy)'] . (6) 

As was already motivated in the introduction, it is interesting and important to consider what 
gravity would be induced at the brane on which the matter content of the universe is localized - 
i.e. the effective 4-dimensional description - if the bulk action was given by a dilaton gravity theory 
dnj. The effective gravitational equations at the brane allow to study the effective cosmology in 
brane scenarios, its dependence on the details of the bulk gravity theory, and the modifications with 
respect to the standard picture arising from the 4-dimensional Einstein gravity. Consequently, in 
the present work a 5-dimensional theory of dilaton gravity with brane-localized matter will be 
considered - given by the following Lagrangian: 



r — ai 
^ ~ 2 



7^_ 1^^5(5)0 _ 1(5(5)^)2 _v{^) + [fx^)c^ + x{^)]s^, (7) 



where V{(j)) is a scalar potential in the bulk. Cm stands for the matter content of the universe, 
f{(j)) Urn denotes the (non- minimal) coupling of the dilaton field to Cm-, can be identified as 
the 'cosmological constant '-type term on the brane, and the Dirac delta type distribution yields 
the position of the 4-dimensional brane. The first part of the Lagrangian ([7]) is given by the theory 
(E]) of dilaton gravity. The superscript in d'f^ has been added to underline that this derivative is 
not projected on the brane, whereas will denote the derivative projected on the brane. 

In order to maintain the full generality, the effective equations of motion at the brane will be 
derived in the covariant approach. We will follow the procedure established in Ref . [7] , the detailed 
calculations can be found in Appendix A. Here, only the key points will be discussed in order to 
present the starting point for the next sections, and clarify certain misconceptions in the literature. 

For the derivation of the effective gravitational equations at the brane in the covariant approach, 
the crucial definition is that of the induced (projected) brane metric 

^iiv = 9tMu - n^Hu , (8) 

where denotes a vector field (normalized to 1) perpendicular to the brane at its position. It 
should be underlined here, that the metric tensors g^i, and hf^^, have separate sets of basic quantities 
(Ricci scalar, covariant derivative) associated with them: TZ, V^, and R, D^, respectively. 

The subsequent steps in the derivation of the effective gravitational equations at the brane 
include calculation of the bulk equations of motion ( IA.l|) -( lAl2|) and of directional limits (i.e. eval- 
uated 'next' to the brane) f lA.lOp - flA.lSp of their projections on the brane and/or on the normal 



vector field n'^, discussion of tfie junction condition f lA.8P -( lAl9|) . as well as further calculations and 



definitions relevant for the procedure. Thus, the detailed derivation of the effective equations of 
motion at the brane conducted in Appendix A leads to the effective Einstein-like equation at the 
brane, reading 

R>.. - I = 8'^G{<j)) T^, - h^A{<P) + ^TT^. -E^, + l {d^(jy){d,<P) - I V (^0)' • (9) 
The brane localized sources are defined as 

r = h L - 2 ta, = ■^'^'^^ r + ^ dC]) 

1/11/ il'/ii/^m Sht^v 1 l(j> J-m^ , y^yjj 

with the prime denoting the derivative with respect to the dilaton. Terms quadratic in the brane 
energy-momentum tensor r^j, , which are typical of brane gravity, are collected in 



TT 



The notation of effective Newton's and cosmological constants has been introduced, namely 

= ^/(0)A(0), (12) 



m = ^V{<P) - [irl + fi^r, - + . (13) 

It should be underlined, that a single, but generically non-vanishing term0 

E^, = n''hyhiC^p^s, (14) 

where Ca^^g stands for the bulk Weyl tensor, denotes the explicit bulk contribution, and thus yields 
the total bulk's influence on the brane gravity. In order to fully describe the gravity induced on 
the brane, the solution of the equations of motion for the bulk gravity would have to be known. 

To summarize, the effective Einstein-like brane equation (Q involves three types of terms which 
can be treated as corrections to the standard Einstein equation: terms quadratic in the brane 
localized sources (llUj) - typical of brane gravity theories, kinetic terms for the dilaton - typical of 
scalar-tensor theories of gravity, and - last but not least - the explicit bulk's contribution (1T4|1 . 

Let us underline here the importance of assuming a Z2 symmetry for the bulk (with its fixed 
point at the brane's position). In the literature, this was always assumed, but never motivated. 
However, at it was shown in Ref. [7] and will be also pointed out in Appendix A, this assumption 
is crucial for both the form and the existence of the effective gravitational equations at the brane. 



32 , 3X'i4>)^ H4>f , 3A'(0) 



^ Note that there is no direct dependence on the bulk scalar solution. In Ref. [TU] on the other hand, it is claimed 
that the dependence on E^^, of the effective brane equations is easier to be removed than that on the bulk scalar 
field. The detailed calculation in Appendix A proves otherwise. 
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In the absence of the bulk Z2 symmetry, the following consistency condition (on the brane sources) 
would be the only effective brane equation obtained: 



^A(/(0)r^') =/(0)r^(5^0). (15) 

It can be also interpreted as a 'generalized' covariant conservation of the energy-momentum tensor 
on the brane, as in the case without the dilaton field, it reduces to the covariant conservation of the 
brane energy- momentum tensor t^^. It is the inclusion of the bulk Z2 symmetry that guarantees 
the existence of a 'truejfl effective equation of motion at the brane flA.22p - irrespective of the brane 
interactions' nature or other setup details. 

Let us comment on the derivation of the effective brane equations in the Einstein frame (carried 
out in Appendix A) as compared to the corresponding procedure in the string frame (established 
in Ref. [7]) - from the point of view of the directional limit f lA.lSP of the bulk equation of motion 



for the dilaton flA.2p . The issue of the effective brane equation of motion for the scalar field caused 
some misunderstandings in the literature. In the usually employed Einstein frame, it seems as if the 
information carried by this equation could not be extracted or employed. However, as soon as the 
issue is addressed in the string frame (as in Ref. [T]), it turns out that this equation actually plays 
an important role in the derivation of the effective Einstein-like equation at the brane. It seems 
that the apparent decoupling of the brane equation for the scalar field from the gravitational one 
is a consequence of the specific character of the Einstein frame: the dilaton is minimally coupled 
to gravity, whereas in the string frame the simultaneous treatment of both fields is essential. 



3 Search for inhomogeneities on the brane in an AdSs bulk 

In what follows, two commonly adopted assumptions will be taken. In many models the spacetime 
is assumed to be of anti de Sitter type, whose popularity is not only due to the AdS/CFT correspon- 
dence, but also to its importance in higher-dimensional models (e.g. the Randall-Sundrum model), 
as well as it being one of the simplest types of spacetimes. Adopting an exact AdSs spacetime as 
the description of the bulk results in E^^, = according to the definition dH]), and thus no bulk 
influence on the brane gravity according to the effective Einstein-like brane equation (Q. As for the 
matter content of the universe, in cosmological considerations the most typical description for the 
(dark) matter and radiation is that of a perfect fluid, meaning that the matter energy- momentum 
tensor takes the form of 

TfMu = Pmtf^U + Pm'Jf.i, , (16) 

^ i.e. expressed exclusively in terms of brane quantities, relating the brane fields h^j^^, and (j> to the brane localized 
sources t^i, and r^, and thus describing the dynamics of h^^i, and (/) 
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where the 3- dimensional spatial metric reads 7^1, = h^y + t^jty, § while pm and pm denote the energy 
density and the pressure of the (dark) matter and radiation on the brane, respectively. 

Since the dilaton gravity brane scenario addressed here can be regarded as an extended theory of 
gravity as motivated by string theories, it is relevant to check whether for such a popular assumption 
as AdSs bulk, any inhomogeneities in the perfect fluid - and thus the large-scale structure - are 
permitted on the brane. The following ingredients will be employed to investigate this issue: the 
effective gravitational (Einstein-like) equation at the brane ([9]) with E^y = due to the AdSs bulk, 
the consistency condition (fT5l) on the brane sources, and the 4-dimensional Bianchi identity 

D''{R^,-'^h,,R) = 0. (17) 

The perfect fluid ( !T6ll will be substituted for the energy-momentum tensor r^,^ on the brane. 
Consequently, a set of four equations at the brane is obtained, namely 

Ar^ - X'pm + ^a' + f'pl - ^{D'^d^cP)] e{dA) + ^tP{D^dpct>){dA) 

+ /Pm [tu d-'pm + {pm. + Pm) D^U] = , (18) 
-A - X'pm - ^A' + fp^ {pm + 2pm) + ^(Z^'^S.^)] Y^id^cf)) - | 7^(^'^5p0) (^.0) 

+ fpm [lixv d^Pm + {pm + Pm) tyD'^tf,] + f (pm + Pm,) li^v d^pm = , (19) 

t" d,p^ + {pm + Pm) = -[r^ + ^Pm) ^"(5.0) , (20) 

lt,u 5>m + {pm + Pm) fD^t^ = (t^ - ^Pm^ Y^{du4>) ■ (21) 

To be more specific, Eqs. fll8p and f[T^ originate from the parts parallel and perpendicular to the 
vector field of the 4-dimensional Bianchi identity f|T7|) employed for the effective Einstein-like 
brane equation (Q with E^^ = and a perfect fluid on the brane (fT6|) . whereas Eqs. (!20!) and (12T|) 
are given by parts parallel and perpendicular to the vector field of the consistency condition at 
the brane (ITB]) evaluated for the perfect fluid (ITB]1 . 

Combining Eq. ([18]) with Eq. ([20]), and Eq. ^ with Eq. leads to: 

[pm -j)r^- jPm + ^A' - ^ {D''d^(l))] t^(9.0) + ^ tP{D''dp(l)){d,(j)) = , (22) 

'^Pm - j) ^0 - jPm + jPm {Pm + Pm) " ^A' + 0| {D" d^cj)) Y^{d^4>) 

- ^7^(D^9,0)(9,0) + {Pm+Pm)l^.ud''Pn, = 0. (23) 

Again, these two equations can be combined for {f^dycj)) ^ o|l| Consequently, for the adopted 
assumptions of the AdSs-type bulk and a perfect fluid description of the universe's matter content 



6 Note that -i^^^r = and t^'t^J, = -1. 
{t''dv4) = would imply a constant dilaton field. 



localized on the brane, the spatial derivative of the energy density on the brane reads 



(24) 



This result imposes a strict condition on the matter content of the universe, localized on the 
4-dimensional brane. It relates any spatial inhomogeneities in the perfect fluid form of the energy- 
momentum tensor on the brane - and thus in the (dark) matter and radiation - to the value of 
the spatial (brane) derivatives of the dilaton field. Hence, Eq. ( 12^ can potentially put strong 
constraints on the allowed size of inhomogeneities in the matter distribution on the brane, and 
thus on the cosmological large-scale structure as observed todayE In the following section, the 
observational limits on the (non-)variation of the Newton's constant will be employed to quantify 
the implications of relation (Elj). The resulting constraint will be compared with the observational 
data on large-scale structure in Section [51 



4 Allowed inhomogeneities in the late universe 

All results up to this point were obtained in the covariant approach, maintaining the full generality. 
As for the purpose of this section, it is more useful to simplify the notation. The relation is 
first rewritten as 



{^Pm - ^) 0„ + 3^.(,"V) [D'd.cl) - 0- V« D''dt<p\ (a,0) , (25) 



where the time and the spatial derivatives are denoted by an (over) dot and a comma, respectively, 
and the index i stands for a spatial direction perpendicular to the vector field n'^, i.e. a spatial 
direction in the hypersurface of the brane. Moreover, from thispoint on it will be assumed that 
A 7^ A(0), where A denotes the 'cosmological constant '-type ternj^ accompanying the brane matter 
term C^n in the Lagrangian ([7]). Consequently, A' = will be put in Eq. 1^5^. 

The formula for the spatial derivative of the energy density f l2^ involves two types of terms 
- with either one, or three derivatives acting on the dilaton field. The latter can be neglected at 
least at late times, which can be seen as follows. First, for the late universe the dilaton field is 
expected to be almost constant, and a model-independent bound 4>o ^ 2.4 ifg — 1-8 (lO^'^ yr) ^ set 
by current observational data is derived in Appendix B 
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Second, it can be assumed that |0o| 'Pi, 



^ It was shown in Ref. [8] that for Einstein gravity in an exactly AdSs bulk, an inhomogeneous perfect fluid on 
the brane is rejected, and thus only a perfectly spatially homogeneous universe would be allowed. 

^ Note that A is only one of the contributions to the effective brane cosmological constant A defined in Eq. (fT3)) . 
This bound bases on the deceleration parameter go < 0, addressed for negligible corrections to the modified 
Friedmann equations. The assumptions include: fractional matter density Qmo > 0.25 (17^ = Pi/pc, where Pc is 
the critical density of a flat universe), spatially- flat universe with ilm + ft-^ + ilfj, — 1, Hubble constant Hq ~ 72 
km/(sMpc) [U, where the subscript indicates the late universe values. For details see Appendix B. 
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as otherwise the currently observed 0o ~ const would constitute a coincidence problem. Third, for 
typical models involving a scalar field, we havt0 

l0n|<Cl|0|, (26) 

where ci is positive and of order 1. Consequently, in Eq. ( l25l) terms (9 ((90)) will be treated as still 
non-negligible, whereas terms (9((90)(-D90)) will be dropped. 

Hence, for the late universe, Eq. (125|) reduces to a very simple form of 

PmO,i—-JPmO(pO,i, (27) 

which means that the spatial inhomogeneities in the matter energy density on the brane are 
highly constrained for the popular assumptions of an AdSs-type bulk and the brane matter energy- 
momentum tensor of the perfect fiuid form (fT6|l . In particular, an inhomogeneous perfect fiuid (i.e. 
with 7^ 0) on the brane is allowed only if the matter on the brane is non-minimally coupled 
to the dilaton (so that /' 7^ 0). Moreover, a perfectly spatially homogeneous dilaton field would 
clearly imply the lack of any matter inhomogeneities. 

In order to quantify the constraint fl27j) on the spatial derivative of the brane matter energy 
density Pmo in the late universe, current observational limits from the time (non-)variation of 
the Newton's constant can be employed - in combination with the constraint f l2B]) on the spatial 
derivative of the dilaton as compared to its time derivative. The most recent bounds on the relative 
time variation \G/G\ of the Newton's constant G are summarized in Ref. [15]. They arise from 
solar system constraints, pulsar timing, stellar constraints, and cosmological constraints. Most of 
those results reach as far as \Go/Go\ < (lO^^yr) ^, thus allowing to put a stringent constraint on 
the time variation of the effective Newton's constant (fT2|) reading 

|Go/Go| < (I0"yr)"\ (28) 

Recalling the formula for the effective brane Newton's constant (1T2|) . it directly follows that 

I^M^o/Gol = \^\{dM (29) 



for A 7^ A(0). Hence the observational limit ( 128|1 can be rewritten as |y0o| < (lO^^yr) . Employ- 



ing the constraint f l26|) on the spatial derivative of the dilaton with respect to its time derivative, 
a limit of |y0O)i | ^ 3.3 Ci(lO^ Mpc) ^ is obtained. 

Consequently, using the relation (^7^ a following constraint is obtained for the spatial derivative 
of the brane matter energy density: 



IPmO, 



<3.3cip™o(lO'Mpc) \ (30) 



whose full implications will be demonstrated in the following section through a comparison with 
the observational data on large-scale structure. 



Any initial inhomogeneities of the dilaton would have been washed out by the inflation. 

10 



5 Late universe: inhomogeneities and large-scale structure 



Detailed studies of the large-scale structure of the universe, i.e. the spatial distribution of galaxies, 
their groups and clusters, are capable of providing information on such mo del- dependent issues as 
the overall matter distribution!^ or the physics of galaxy formation. The distribution of galaxies in 
space is not random, but shows a variety of structures. The content and the statistical properties 
of the large-scale structure are addressed by large galaxy redshift surveys, which probe the galaxy 
distribution. These include such experiments as e.g. the Sloan Digital Sky Survey (SDSS) [16] or 
the two-degree Field Galaxy Redshift Survey (2dFGRS) [17]. The spatial distribution of galaxies is 
typically characterized statistically through the so-called two-point correlation function C,{x), which 
can be interpreted as the excess number of galaxy pairs of a given separation x, relative to that 
expected for a random distribution. 

Following the standard approach presented e.g. in Ref. [18], a statistical description of cosmo- 
logical perturbations can be established in order to relate theory to observations. The statistical 
properties of a random density perturbation field (density contrast) 

S{x,t)^P^-l, (31) 

Pav{t) 

where Pav{t) denotes the mean density, are characterized by the probability distribution function 
VxiSi, 62, ... , 6n)d6id62 . . . d6n, which gives the probability that the 6 field values at positions Xi are 
in the range [6i, 6i + d6i\, with i = 1,2, . . . ,n. The function Vx is fully characterized by its moments 

{S[^S'i ■■■Sl-) = j 5['5'i ■ ■ ■ S'-VxiS,, 82,..., 5n)d5^d52 . . . d5„ , (32) 

where /j G Z, and U > 0. In particular, {S{x)) = 0, and 

e(x) = {6,62) (33) 

is the two-point correlation function with x = |xi — X2\. Hence, the variance cx^ = (5^(x)) = .^(0) 
of the perturbation field does not depend on x. 

In this section, the constraint f l5U]) on the allowed values of the spatial derivative of the brane 
matter energy density, predicted by the studied dilaton gravity scenario in AdSs bulk, will be 
compared with the observational data on the large-scale structure of the universe. Since it is 
relatively straightforward to measure, the two-point correlation function f p3|) of galaxies has been 
estimated from various samples within galaxy surveys^ As the aim of the following calculation is 



Although in principle only the visible part of baryonic matter is observed, it is usually assumed that the overall 

baryonic matter distribution is probed in experiments. 

However, the data is usually presented in the form of the power spectrum of the perturbation field - i.e. the 
Fourier transformation of the two-point correlation function 
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just an estimation, allowing to compare the model's prediction (!30|) with the observational data, 
let me approximate the spatial derivative of the baryonic matter density by a ratio of the difference 
between the matter densities at two points and the distance between these points. Consequently, 
the spatial derivative of matter energy density can be estimated from the large-scale structure as 

where as the variance .^(0) = cr^ usually cr| = {Sj^{x)) is taken, i.e. the expected root mean square 
overdensity in a sphere of radius R = Sh'^Mpc ~ 11.1 Mpc. Here erg = 0.80(4) [Hj will be 
adoptedllf 

The relation ( IMI) allows to estimate the value of the spatial derivative squared of the energy 
density of baryonic matter, whereas the model's prediction (l30l) applies for all matter in the universe. 
Regarding that for most models of dark matter, its distribution is expected to be similar to that of 
baryonic matter, in the following calculation p„ ~ 6 p will be assumed]^ With such a substitution, 
the limit (l3Ql) on the spatial derivative of matter density predicted by the studied dilaton gravity 
scenario yields 

^'^'^'^~ (104Mpc)2 ' ^"^^^ 
where (|p,j p) should be similarly understood as the 'smearing' of into cr|. 

Substituting (t| ^ 0.64 for .^(0), the limit ( 135|) predicted by the dilaton gravity scenario can 
be now confronted with the estimate based on the observational data. Let us recall the main 
features of the two-point correlation function fl5^ as measured by e.g. the SDSS experiment [TU] . 
Usually ^{x) is plotted down to x = 10 — 60 Mpc only, with its value estimated at a maximum of 
cr| when approaching x = 0. According to Ref. [19], where ^(x) is plotted down to x ^ 55 Mpc, 
we have .^(55 Mpc) ~ 0.07, hence within the entire range of measured scales, the numerator in 
Eq. fl35p is roughly an order of magnitude smaller than the numerator in Eq. fl34p . Furthermore, 
over a large range of scales (up to x ~ 10^ Mpc basically), the denominators differ strongly - by 
up to even 4 orders of magnitude for x ~ 55 Mpc. Thus, up to the scales where the two-point 
correlation function is consistent with 0, the limit ( 135|) predicted by the model is much smaller 
than the estimate f l5^ based on the observational data. Consequently, the today's large-scale 
structure cannot be described within the brane scenario of dilaton gravity ([7]) with an AdSs bulk 
and the perfect fluid description of the matter content of the universe. 



Although the corresponding analysis of Wilkinson Microwave Anisotropy Probe (WMAP) 5-year results involved 
the assumption of a flat ACDM universe with a power law initial spectrum, this value of ag can be treated here as 
a reasonably good approximation. Note: the same applies to the values of and Qb- 
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Current observational values of the respective fractional densities read flm = 0.26(2) and = ilb = 0.044(4) 



12 



6 Conclusions 



In this work a theory of dilaton gravity (as motivated by string theories) was addressed in a 5- 
dimensional brane scenario in the Einstein frame, with a non-minimal couphng f{(f))Cm of the 
dilaton field to the matter content of the universe localized on the brane. We introduced the non- 
minimal coupling to take into account the lack of consensus in the literature as to which of the 
conformally related frames should be considered as the true physical framework for such a theory 
- and in which frame the dilaton-matter coupling should be minimal. 

We started with deriving the effective gravitational equations at the brane in the covariant 
approach. Contrary to the usual expectations, the analysis in the Einstein frame was technically 
more straightforward than in the string frame adopted in Ref. [7]. We addressed certain miscon- 
ceptions in the literature, e.g. the interpretation of the information carried by the directional limit 
(i.e. evaluated 'next' to the brane) of the bulk scalar equation, the importance of Z2 symmetry in 
the bulk (with its fixed point at the brane's position), the non- vanishing bulk's influence on the 
brane gravity with no direct dependence on the bulk scalar solution. 

In order to investigate basic properties of this dilaton gravity brane scenario, we studied the im- 
plications of two commonly adopted assumptions: the bulk spacetime of an anti de Sitter type, and 
a perfect fluid description for the matter content of the universe localized on the brane. Employing 
only the effective Einstein-like brane equation, the consistency condition on the brane sources and 
the 4-dimensional Bianchi identity, we derived a strict constraint on the allowed values of the spa- 
tial derivative of the brane matter energy density. We showed that apart from the earliest epochs 
of the universe's evolution, the inhomogeneities in the brane matter are allowed only if the matter 
Lagrangian is non-minimally coupled to the dilaton in the Einstein frame, which is by no means a 
typical assumption. Furthermore, the inhomogeneities are proportional to the spatial derivative of 
the dilaton, and thus considerably suppressed - according to the model-independent upper bound 
(based on the current observational data) we obtained for the dilaton's time derivative. 

Employing the present limits from the time (non-)variation of the Newton's constant, we rewrote 
our theoretical constraint on the spatial derivative of the matter density into an upper bound. 
Subsequently, we confronted it with the observational data on large-scale structure from galaxy 
surveys. We showed that up to scales of ~ 10^ Mpc, the large-scale structure as we observe it today 
is not allowed in this dilaton gravity brane scenario - at least for an exactly AdSs bulk and the 
matter content of the universe described by perfect fluid. This result holds not only for anti de 
Sitter type bulk, but for any highly-symmetrical spacetimes with vanishing Weyl tensor. Allowing 
for bulk deviations from an exact anti de Sitter spacetime (or other highly-symmetrical spacetime) 
might enable a description of our universe in this string theory motivated scenario, as then the 
constraint on the spatial derivative of the brane matter would involve also the bulk Weyl tensor. 



13 



The situation might be also relaxed by including (into the dilaton gravity Lagrangian) terms of 
the higher order in derivatives of the metric tensor and the dilaton field - as motivated by string 
theories. Verifying which of the specific models existing in the literature are affected by the results 
of the present work lies beyond the scope of this paper. 
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Appendix A 

As for the main steps of the derivation of effective equations of motion at the brane, the procedure 
presented here follows the one introduced in Ref. [7]. Important differences arising between these 
two calculations due to the use of different conformal frames will be pointed out and discussed. 

In the theory of dilaton gravity given by the Lagrangian (I7j), the (5-dimensional) bulk tensor 
T^i, = and scalar W = equations of motion reacO 

n,. - \ 9,un - 1 {dp<p){dl'U) + 1 9,.{d^'Uy + 9,u^v{<j>) 

-^^[fi<P)r,u + \{<P)K,]5B = 0, (A.l) 
^^^(^V - ^V'{<P) + ^ [/(0)r, + A'(0)] 6b = 0, (A.2) 

where T^,y = ^^^j^ {^/^ C) and W = iV—Q^)- The brane localized sources r^,y and 

are defined in Eq. f lTO|) . 

In order to derive the effective 4-dimensional equations of motion at the brane, the quantities 
contributing to the bulk equations of motion flA.ip - flA.2p have to be separated into parts parallel 
and perpendicular to the vector field With the induced brane metric tensor defined in Eq. 

Let us recall the notation: the Ricci tensor TZfj,i, {Rfj.u) and the covariant derivative {D^) are associated 
with the metric tensor g^^, {h^^, restricted to the brane's position), whereas 9^ (f^^^^) denotes the derivative (not) 
projected on the brane. 

As introduced in Section [21 the (normalized to 1) vector field n'^ is perpendicular to the brane at its position. 
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),^the corresponding expressions are derived as 

TZ = H — KK + K'^K — ( £ K — K"K \ 

- n^D.K - n.D^K + n^Dy^K^ + n^D^Kl - n^n, {K£nK " K^K) , (A.3) 
V^9(f*V = D^d,<j) + K^,£^<p + n^n,{£l<p-a^dP<l)) 

+ n^D^£n(j) + n^D^,£n<p - n^K^{dx(j)) - n^K^{dx(j)) , (A.4) 

dl^U = d,<l) + n^£n<p, (A.5) 



where £„ is the Lie derivativq^ along n^, K^^ = \£nh^u is the extrinsic curvature of hyper surf aces 
orthogonal to n^, and = n^'Vpn'^o Employing the dimensional reduction formulae ( ]A.3l) -( lA75ll 
and the definition ([8]) of the induced brane metric tensor /i^jj,, we can rewrite the bulk equations of 
motion (]A.ip - (lA.2p as follows: 

R^u - \ KuR + K^K, - KK^, - \ K^K^^Kl + \ h^,K^ 

- {£nK^, - k;k^,) + h^,{K£nKi - k^k;) 

+ n^(DxKt - D,K - \ + n^iOxK^; -D^K-\ 

+ n^n, [-\{R + -K^)-\ {£n4>f + \ {d<pf + = , (A.6) 

+ K£.^<P + (£20 _ )0) _ + + 5^ = q . (A.7) 

Apart from brane related quantities, Eqs. (1A.6P -( !XI7|) involve terms discontinuous {K^^, £n'P) 
or singular {£nK^y, £n4') ^t the brane's position. In order to address them appropriately and 
take into account the information from all these contributions, we should first consider what junc- 
tion conditions have to be fulfilled at the brane. Following the approach formulated in Ref. [7], 
where the necessary definitions can be found, the junction conditions are obtained here by a 1- 
dimensional, infinitesimal, across-the-brane integration of the bulk equations of motion (1A.6P - (1A.7P 



Note that this expression holds at any point in the bulk, and yields the metric induced on the brane when 
restricted to the position of the brane. 

For a given tensor M^l^l'.'.'.^"'' and arbitrary direction v'^, the Lie derivative along v'^ is defined as follows: 

MSl^^l-.Z- = v^VxMSl'ai:Z'r - YZi MSlSi--±-.^yxv''' + E '=1 ^^;^^■.■.A.■.■.■^^ thus e.g. £„0 = n^^f V- 

^°Note that apart from the term a^d^'^cj) = nP{'V pn'^){d^^'' (p), the right-hand sides of the decompositions (jA.3|) - 
(lA.Sp involve only either brane quantities (which are orthogonal to n'^), or Lie derivatives along and itself. 
However, the term a^S^'^V will not appear in the final results. 
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in the direction perpendicular to the brane: 



AM 



1 m u 

3 /{<)!.) "^''^ 



(A.8) 

(A.9) 



where 



with 



denoting the hmits of a given bulk quantity when approaching 



the brane from the '+' and the '-' sides. The junction conditions (1A.8P - (]A.9P determine across-the 
brane jumps in the values of the extrinsic curvature K^y and the Lie derivative of the dilaton field 
which are caused by the presence of brane localized terms r^y and 
The effective brane equations of motion should follow from the bulk equations of motion, and 
describe the dynamics of brane quantities - either defined exactly on the brane, or infinitesimally 
close to ito Hence, let us write down the directional limits (i.e. when approaching the brane from 
the '+' or the '-' side) of the bulk equations flA.6p -f lXT|) . We obtain the following equations: 



R 



per 



\ hp^R + KpK, 



KK. 



- \ {dpct>){d„ct>) + 1 hp„{dct>f + 1 hp„{£^ct>f + Vir^(<^) 



+/- 



DpK 



{R + -K')+\ {£n<Pf - I - 



+/- 



£id)-a^d 



+/- 



(A.IO) 
(A.ll) 
(A.12) 
(A.13) 



where Eqs. (lA.lOp . flA.ll|) . (IA.12P were obtained by projecting the bulk tensor equation of motion 
(]A.6P on the brane's hypersurface and/or on the normal vector field (i.e. by multiplying Eq. 
OA. 61) by h^h"^, h^vy and n^^ny , respectively), and Eq. OA. 131) arises from the bulk scalar equations 



of motion (1A.7I) . 

Eq. (lA.lOl) - i.e. the directional limit of the bulk tensor equation projected on the brane - would 
be a natural candidate for an effective gravitational equation at the brane. However, it involves 
£nKpi,, i.e. the second Lie derivative on the induced brane metric hp^i, in the direction perpendicular 
to the brane. Let us then rewrite it, so that the explicit dependence on £nKpy is removed. From 



Note that contrary to the junction conditions in the string frame, as obtained in Ref. [J, the tensor junction 
condition (jA.SP involves only t^^, and the scalar junction condition ()A.9p depends only on r^. It is only due to 
the non-minimal dilaton-£„j coupling function /(^), that the junction conditions related to h^i, and are not fully 
separate, as expected for the Einstein frame. 

For the detailed discussion of how the effective brane equations should be defined, see Ref. [7] . 
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the trace of Eq. (lA.lOp . the trace of the combination {^£nK — K'^pKra) can be determined, reading 



{hl£r.Kl - KlKl) =\\r + KIK^^ -K'-l {£n<t>f - | {d<t>f - ^V{<t>) 



(A.14) 



On the other hand, by combining the decomposition (1A.3P with the definition of the 5-dimensional 
(bulk) Weyl tensor 



^IMUpa — T^nupa ■^{9plp'^cr]u 9v[p^a]p) + q 9 u[p9 ct]v^ i (A. 15) 



we can express the Lie derivative of the extrinsic curvature, £nKpy, as a function of its trace 
h1£nK^, namely 



£ K 



\ hp, {hl£nKl - KIK^) - \ {Rp, - KKp, + K^K,,) 

+ I hp, [R - + K^J<1) -lEp,, (A.16) 



where Ep, denotes the bulk Weyl tensor ( ]A.15|) projected on the brane, as defined in Eq. ([T 
Thus, employing Eqs. (IA.16I) and (IA.14I) . the tensor equation ( lA.lOl) can be rewritten as follows 
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{Rp, + K;K^, - KKp,) - I hp, [R + K",Kl - K^) + \ Bp, 



|(9^0)(9,0) + ^ 



+/- 



(A.17) 



where the projection of the bulk Weyl tensor on the brane, Ep,, represents the residual dependence 
on the Lie derivative of the extrinsic curvature, £nKp,. 

The tensor equation f lA.17p can be further rewritten in order to obtain a result which resembles 
the standard Einstein equation. Clearly, in its current form not only the coefficients of the Ricci 
tensor Rp, and the Ricci scalar R are non-standard, but also their relative coefficient. Let us 
multiply Eq. (IA.17P by | and subtract Eq. flA.12p multiplied by | and hp,. These steps lead to an 
Einstein-like tensor equation of motion reading 

Rpu - I hp,R + K;K,, - KKp, - \ hp,K1Kl + \ hp,K^ - ^ hp, {£n4>f 



{dpm.<P) + h V id4>f + hp,^V{<t>) + Bp, 



+/- 



0. 



(A.18) 



Note that although the directional limit (|A.13p of the bulk scalar equation of motion involves a second Lie 
derivative of a brane field as well, namely £1^4' instead of £nKp, addressed now, it cannot be similarly removed. In 
the string frame in Rcf. i7l, £nKf^, and £^(1) appeared in both directional limits: of the bulk scalar equation and of 
the bulk tensor equation projected on the brane. The former and the trace of the latter constituted a set of linear 
algebraic equations, allowing to determine £nKf^, and £\4'^ ^-nd to remove them from the directional limits. Hence, 
although no brane equation for the dilaton was obtained, the information contained in the bulk scalar equation was 
employed in the derivation of the effective brane equations. 
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However, Eq. (lA.lSP is just a combination of directional limits (]A.10P - (]A.13|) of bulk equations 
of motion - a dependence on the brane sources ffTOl) is missing. The junction conditions (lA.SP - 



(lA.gp relate the jumps in the values of the Lie derivatives of brane fields h^^, and 0, i.e. 

and [i^n0]_|_, respectively, precisely to the brane sources r^,y and - and thus in principle could 

introduce such a dependence into the directional limits flA.10|) -f pV.13P of bulk equations, and thereby 



also in their combination - Eq. ( lA.lSp . This possibility has been analyzed in detail in Ref. [7]. An 
analogous discussion can be repeated here, leading to the same result. Combining the directional 
limits (IA.10l) -( fA.13l) with the junction conditions ( 1A.8I) - (1A.9I) leads to only one non-trivial brane 
equation - the consistency condition (fT5|) on the brane sources ( !T0|) . reading 

Dx{f{<P)r'^)=f{<P)T4d,<P). (A.19) 



To be more specific, Eq. f lA.lQP arises from the difference between the '+' and the '-' sides projections 



(lA.lip . when combined with the junction conditions flA.8p - flA.9p . 

Although Eq. f lA.lQp does relate the brane fields h^^, and to the brane sources r^^ and r^, its 
character depends crucially on the specific form of the brane matter Lagrangian Cm- In particular, 
apart from more complicated forms of £mO ^'i- f jA.lQP does not involve second derivatives (in the 



brane directions) of brane fields hf^i, and 0. Thus, it is not a dynamical brane equation of motion, 
but a consistency condition on the brane sources Tf^^, and t^, as is typical of gravity theories [22] ■ 

At this point the importance of a Z2 symmetry assumption for the bulk (with its fixed point 
at the brane's position) can be shown as follows (and henceforth this symmetry is assumed). Since 
the bulk Z2 symmetry relates the quantities at the and the '-' sides of the brane, for example 

[K^,] ^ = - [K,,] = \ [K^;\ ^ and [£^(f\ ^ = - [£^cf\ _ = \ [£„0] ^ , (A.20) 

the junction conditions flA.8p - flA.9p determine now on both sides of the brane the Lie derivatives 
\K^^)^ and [£„0] of brane fields (and not only the jumps in their values) in terms of the 
brane sources. Let us then substitute the junction conditions into the Einstein-like tensor equation 
of motion f lA.18p . which results in the effective Einstein-like equation on the brane fjO]), reading 



R^u - \ KuR = 87rG(0) T,, - /i^,A(0) + ^vr^, -E,, + l (9^0)(9,0) - | V (^0)' > (^-21) 

where the effective Newton's G and cosmological A constants are defined in Eqs. f|T2l) and f|T3l) . 
respectively. As was already discussed in Section |21 due to the presence of the bulk Weyl tensor 
projected on the brane, E^,^, the brane Einstein-like equation f lA.2ip does not form a closed system. 
Nevertheless, with the bulk Z2 symmetry we can still obtain a genuine equation of motion at the 



E.g. involving localized kinetic terms for gravity |20j or for the scalar field 
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brane - i.e. independent of the bulk's influence. Specifically, substituting the junction conditions 
flA.8p - (IA.9|) into the directional limit f lA.12p of the bulk tensor equation, yields 



R 



^V{ct>) + \{dct>f + 



4ai 



2AW 
3/W 



r 



(rr) + 1 



3ri 



6V(0) 4A2(0) 
/W 3/2(0) 



3A'2(</,) 
/2{<)!>) 



(A.22) 



This is the only 'true' effective brane equation of motion, i.e. constraining dynamically the brane 
fields hfj^u and (p in terms of the brane sources r^^ and - independently of the details of the brane 
matter Lagrangian Cm entering the definitions ( |T0|) . However, Eq. ( 1A.22|) is just a single equation. 
Nevertheless, it can be of importance e.g. in highly-symmetrical setups. Moreover, its dependence 
on the dilaton field can be removed with the help of the consistency condition (lA.lOp . 



Appendix B 

In this appendix we will derive a model-independent upper bound on the present value 0o of the 
dilaton time derivative, set by current observational data. We will follow the main principle of an 
analogous calculation carried out in a different setup in Ref. [23] . 

Let us recall that the spatial derivative of the dilaton field is expected to be not greater than 
its time derivative ( 126|) . Moreover, the exact value of the upper bound on 0o is only of secondary 
importance - this analysis aims as showing its smallness. Therefore, let us assume that our universe 
can be still to a reasonably good approximation described by the (modified) Friedmann equations 
not involving spatial derivatives. 

According to the supernovae observations |23], the universe currently expands at an accelerated 
rate. Hence, the deceleration parameter 

q^_^ = _^H-' (B.l) 
a 

must be negative, where a{t) denotes the cosmic scale factor, and the Hubble constant H = ^. Let 
us evaluate the effective Einstein-like brane equation (jH]) with the brane-energy momentum tensor 
of the form of perfect fluid f fT6|) for the flat Friedmann-Lemaitre-Robertson- Walker metric, and an 
AdSs bulk. Thus, the Friedmann equations read 

-2 = - -^mPm. + I A + i 0^ (B.2) 

^ = -^P- il + ^wm) + ^^pI i2 + 3wm) + lA-^J', (B.3) 

where pm stands in principle for any kind of matter, and the coefficient of the pf^ term was rewritten 
using the definition of the effective brane Newton's constant ( IT2|) . Since the present radiation 
contribution to the content of the universe is negligible, we set Wm = henceforth. 
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The contributions to the Friedmann equations (]B.2|) - flB.3P due to the effective brane cosmolog- 
ical constant f fT3|) and the kinetic energy density of the dilaton, can be rewritten in a form similar 
to the matter contribution p^- Consequently, the Friedmann equations (lB.2p - (lB.3p become 



SttG 



a 
a 



A-nG , , SvrG 

■— - \^ p,(i + 3u;,) + — - 



m^2 

A{0) "m ' 



(B.4) 



i=m,A,<f> 



where vjj; = — 1 and if^ = |o The contributions involving p^^ could have played an important 
role at the early stages of the universe's evolution, but they are not being observed at later times, 
and thus can be neglected here. Therefore, the deceleration parameter f lB.ip reads 



(B.5) 



i=m,A,(j> 



Taking into account the respective values of the equation of state parameters Wi for the universe 
energy density components flm, and Q^, for the fiat universe with + + f2</, = 1 we get 

\^\ = 3H{l + q-lnmY^\ (B.6) 



as 



1 



6^ follows from Eq. (lB.2p l^^l Substituting the present epoch's values: qo < 0, Q 



mO 



> 



0.25 and H, 







72 g,^^ |14j . we obtain an upper bound on the time derivative of the dilaton, reading 



< 2 A Ho ^ 1.8 (lO^Vr)" 



(B.7) 
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